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Abstract
In this article we establish the relationship between fermionic T-duality and mo-
menta noncommuativity. This is extension of known relation between bosonic T-
duality and coordinate noncommutativity. The case of open string propagating in
background of the type IIB superstring theory has been considered. We perform
T-duality with respect to the fermionic variables instead to the bosonic ones. We
also choose Dirichlet boundary conditions at the string endpoints, which lead to the
momenta noncommutativity, instead Neumann ones which lead to the coordinates
noncommutativity. Finally, we establish the main result of the article that momenta
noncommutativity parameters are just fermionic T-dual fields.
PACS number(s): 11.10.Nx, 04.20.Fy, 11.10.Ef, 11.25.-w
1 Introduction
Two theories that are dual to one another can be viewed as being physically identical [1].
An important kind of duality is so called T-duality, where T stands for target space-time.
This means that we can switch the target space with its dual without loosing the physical
content of the theory.
When the open string endpoints are attached to D-brane, its world-volume becomes
noncommutative manifold [2, 3, 4, 5, 6]. The noncommutativity parameter is proportional
to the Neveu-Schwarz antisymmetric field Bµν , while in the supersymmetric case the
noncommutative parameters are proportional to the Ω odd parts of NS-R field, Ψα−µ, and
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R-R field strength, Fαβs . The noncommutative (super)space is startting point in studying
properties of the noncommutative (super) Yang-Mills theories [7].
Recently a new kind of T-duality was discovered, the fermionic T-duality [8]. It consists
in certain non-local redefinitions of the fermionic variables of the superstring mapping a su-
persymmetric background to another supersymmetric background. Technically fermionic
T-duality is similar to the bosonic one, except that dualization is performed along fermionic
directions, θα and θ¯α. Ref.[8] also shows that T-duality maps gluon scattering amplitudes
in the original theory to Wilson loops in the dual theory. They also investigated con-
nection between ”dual conformal symmetry” and integrability. The articles [9], focussing
more on integrability, deal with fermionic T-duality also, using Green-Schwarz string on
AdS5 × S
5. From slightly different point of view most of the results of the Ref.[8] have
been obtained.
The present article is motivated by the fact that for the specific solution of the boundary
conditions some of the bosonic T-dual background fields coincide with noncommutativity
parameters [10, 11]. In these articles type IIB superstring theory in pure spinor formula-
tion has been considered. Performing Buscher T-duality [12] along all bosonic directions
xµ, the background fields of the T-dual theory have been found. On the other hand, con-
sequences of the particular boundary conditions at the open string endpoints have been
investigated: the Neumann boundary conditions for bosonic coordinates and preserving
half of the initial N = 2 supersymmetry for fermionic ones. It turned out that coordinates
noncommutativity parameters are the bosonic T-dual fields. So, the particular choice of
duality (along bosonic directions) corresponds to the particular choice of boundary condi-
tions. In the present article we are looking for such boundary conditions which produce
noncommutativity parameters equal to the fermionic T-dual background fields.
The article is organized in the following way. First, we introduce the action of the
pure spinor formulation for type IIB superstring theory keeping quadratic terms. Then,
we perform canonical analysis in the light-cone coordinates. Because of reparameterization
invariance we can take any timelike or lightlike coordinate as evolution parameter. For
lightlike evolution parameter the Lagrangian is linear in velocities, and there are primary
constraints which we will use as suitable introduced currents. There are two cases for
consideration: 1) τ → σ− and σ → σ+ and 2) τ → σ+ and σ → −σ−. Canonical
Hamiltonian with timelike evolution parameter can be written in the Sugawara form of
the currents.
In the case of open string action principle, besides equations of motion, produces
boundary conditions. Choosing Dirichlet boundary conditions and treating them as canon-
ical constraints [5, 6], we obtain the initial coordinates and momenta in terms of the effec-
tive ones, which are odd under world-sheet parity transformation Ω : σ → −σ. It turns out
that momenta are noncommutative, while the coordinates are commutative. The source
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of noncommutativity is the presence of the effective coordinates in the solution for initial
momenta. The noncommutativity parameters are fermionic T-dual background fields.
At the end we give some concluding remarks.
2 Type IIB superstring and fermionic T-duality
In this section we will introduce the action of type IIB superstring theory in pure spinor
formulation and perform fermionic T-duality [8].
The action of type IIB superstring theory in pure spinor formulation (up to the
quadratic terms [13, 14, 15, 10, 11] and neglecting ghost terms as in Ref.[14]) is of the
form
S = κ
∫
Σ
d2ξ∂+x
µΠ+µν∂−x
ν (2.1)
+
∫
Σ
d2ξ
[
−piα∂−(θ
α +Ψαµx
µ) + ∂+(θ¯
α + Ψ¯αµx
µ)p¯iα +
1
2κ
piαF
αβ p¯iβ
]
,
where the world sheet Σ is parameterized by ξm = (ξ0 = τ , ξ1 = σ) and ∂± = ∂τ ± ∂σ.
Superspace is spanned by bosonic coordinates xµ (µ = 0, 1, 2, . . . , 9) and fermionic ones,
θα and θ¯α (α = 1, 2, . . . , 16). The variables piα and p¯iα are canonically conjugated momenta
to θα and θ¯α, respectively. All spinors are Majorana-Weyl ones and Π±µν = Bµν ±
1
2Gµν .
On the equations of motion for fermionic momenta piα and p¯iα we obtain
piα = −
1
2
∂+η¯α , p¯iα =
1
2
∂−ηα , (2.2)
where we introduce useful notation
ηα ≡ 4κ(F
−1)αβ(θ
β +Ψβµx
µ) , η¯α ≡ 4κ(θ¯
β + Ψ¯βµx
µ)(F−1)βα . (2.3)
Using these relations the action gets the form
S(∂±x, ∂−θ, ∂+θ¯) = κ
∫
Σ
d2ξ∂+x
µΠ+µν∂−x
ν (2.4)
+ 2κ
∫
Σ
d2ξ∂+
(
θ¯α + Ψ¯αµx
µ
)
(F−1)αβ∂−
(
θβ +Ψβνx
ν
)
.
Now we will perform fermionic T-duality presented in Ref.[8]. We suppose that the
action has a global shift symmetry in θα and θ¯α directions. So, we introduce gauge fields
(vα+, v
α
−) and (v¯
α
+, v¯
α
−) and make a change in the action
∂−θ
α → D−θ
α ≡ ∂−θ
α + vα− , ∂+θ¯
α → D+θ¯
α ≡ ∂+θ¯
α + v¯α+ . (2.5)
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In addition we introduce the Lagrange multipliers ϑα and ϑ¯α which will impose that field
strengths of gauge fields vα± and v¯
α
± vanish
Sgauge(ϑ, v±, ϑ¯, v¯±) =
1
2
κ
∫
Σ
d2ξϑ¯α(∂+v
α
− − ∂−v
α
+) +
1
2
κ
∫
Σ
d2ξ(∂+v¯
α
− − ∂−v¯
α
+)ϑα , (2.6)
and the full action is of the form
S⋆(x, θ, θ¯, ϑ, ϑ¯, v±, v¯±) = S(∂±x,D−θ,D+θ¯) + Sgauge(ϑ, ϑ¯, v±, v¯±) . (2.7)
If we vary with respect to the Lagrange multipliers ϑα and ϑ¯α we obtain ∂+v
α
−−∂−v
α
+ = 0
and ∂+v¯
α
− − ∂−v¯
α
+ = 0 which gives
v¯α± = ∂±θ¯
α , vα± = ∂±θ
α . (2.8)
Substituting these expression in (2.7) we obtain the initial action (2.4).
Now we can fix θα and θ¯α to zero and obtain the action quadratic in the fields v± and
v¯±
S⋆ = κ
∫
Σ
d2ξ∂+x
µ
[
Π+µν + 2Ψ¯
α
µ(F
−1)αβΨ
β
ν
]
∂−x
ν (2.9)
+2κ
∫
Σ
[
v¯α+(F
−1)αβv
β
− + v¯
α
+(F
−1)αβΨ
β
ν∂−x
ν + ∂+x
µΨ¯αµ(F
−1)αβv
β
−
]
+
1
2
κ
∫
Σ
d2ξϑ¯α(∂+v
α
− − ∂−v
α
+) +
1
2
κ
∫
Σ
d2ξ(∂+v¯
α
− − ∂−v¯
α
+)ϑα ,
which can be integrated out classically. On the equations of motion for v± and v¯± we
obtain, respectively
∂−ϑ¯α = 0 , v¯
α
+ =
1
4
∂+ϑ¯βF
βα − ∂+x
µΨ¯αµ , (2.10)
∂+ϑα = 0 , v
α
− = −
1
4
Fαβ∂−ϑβ −Ψ
α
µ∂−x
µ . (2.11)
Substituting these expression in the action S⋆ we obtain the dual action
⋆S(∂±x, ∂−ϑ, ∂+ϑ¯) = κ
∫
Σ
d2ξ∂+x
µΠ+µν∂−x
ν , (2.12)
+
κ
8
∫
Σ
d2ξ
[
∂+ϑ¯αF
αβ∂−ϑβ − 4∂+x
µΨ¯αµ∂−ϑα + 4∂+ϑ¯αΨ
α
µ∂−x
µ
]
,
from which we read the dual background fields (denoted by stars)
⋆Bµν = Bµν+
[
(Ψ¯F−1Ψ)µν − (Ψ¯F
−1Ψ)νµ
]
, ⋆Gµν = Gµν+2
[
(Ψ¯F−1Ψ)µν + (Ψ¯F
−1Ψ)νµ
]
,
(2.13)
⋆Ψαµ = 4(F
−1Ψ)αµ ,
⋆Ψ¯µα = −4(Ψ¯F
−1)µα , (2.14)
⋆Fαβ = 16(F
−1)αβ . (2.15)
Let us note that two successive dualizations give the initial background fields.
4
3 Canonical structure of the theory
The main technical problem is to perform complet consistency procedure for the con-
straints because it has infinite many steps. So, it is useful to find such basic variables
(currents), which Poisson brackets with Hamiltonian are as simple as possible. Following
the idea of Ref.[16], we can obtain these currents as canonical constraints when lightlike
direction is evolution parameter. It turns that they are good basis for all canonical super-
variables, and that they have simple Poisson brackets as well with Hamiltonian as among
them.
3.1 Canonical analysis with light-like evolution parameter
Because of world sheet reparametrization invariance, any timelike or lightlike coordinate
could be chosen as evolution parameter. The action (2.4) is linear in derivatives with
respect to the light-cone coordinates ∂±. So, in order to get some canonical constraints,
we have two possibilities: 1) σ− → τ and σ+ → σ, and 2) σ+ → τ and σ− → −σ, where
σ± =
1
2(τ ± σ).
In the first case, σ− → τ and σ+ → σ, the world-sheet action gets the form
S = 2κ
∫
Σ
d2ξ
[
x′µΠ+µν x˙
ν + 2(θ¯′α + Ψ¯αµx
′µ)(F−1)αβ(θ˙
β +Ψβν x˙
ν)
]
. (3.1)
The canonical momenta conjugated to the variables xµ, θα and θ¯α
piµ =
∂L
∂x˙µ
= 2κ
[
−Π−µνx
′ν +
1
2κ
η¯′αΨ
α
µ
]
, (3.2)
piα =
∂LL
∂θ˙α
= −η¯′α , p¯iα =
∂LL
∂ ˙¯θ
α = 0 , (3.3)
do not depend on the τ -derivatives, and consequently, there are primary constraints
J−µ = j−µ − η¯
′
αΨ
α
µ , J−α = piα + η¯
′
α , J¯−α = p¯iα , (3.4)
where we introduce
j±µ = piµ + 2κΠ±µνx
′ν . (3.5)
If we use the notation J−A = (J−µ, J−α, J¯−α) and the basic Poisson algebra
{xµ(σ), piν(σ¯)} = δ
µ
νδ(σ−σ¯) , {θ
α(σ), piβ(σ¯)} =
{
θ¯α(σ), piβ(σ¯)
}
= −δαβδ(σ−σ¯), (3.6)
algebra of the constraints gets the form
{J−A, J−B} = −2κ
⋆GABδ
′ , (3.7)
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where
⋆GAB =


⋆Gµν
1
2
⋆Ψ¯µγ
1
2(
⋆ΨT )µδ
1
2(
⋆Ψ¯T )αν 0
1
8(
⋆F T )αδ
1
2
⋆Ψβν −
1
8
⋆Fβγ 0

 . (3.8)
Let us note that ⋆GAB obeys graded symmetrization rule
⋆GAB = (−)
AB⋆GBA.
In the second case, σ+ → τ and σ− → −σ, the action is of the form
S = −2κ
∫
Σ
d2ξ
[
x˙µΠ+µνx
′ν + 2( ˙¯θ
α
+ Ψ¯αµx˙
µ)(F−1)αβ(θ
′β +Ψβνx
′ν)
]
. (3.9)
Similarly, we obtain primary constraints
J+µ = j+µ + Ψ¯
α
µη
′
α , J+α = piα , J¯+α = p¯iα + η
′
α , (3.10)
where the corresponding algebra of the constraints J+A = (J+µ, J+α, J¯+α) is
{J+A, J+B} = 2κ
⋆GABδ
′ , (3.11)
with the same coefficient as in the first case.
It is easy to check that
{J+A, J−B} = 0 , (3.12)
so that we obtain two independent Abelian Kac-Moody algebras
{J±A, J±B} = ±2κ
⋆GABδ
′ , {J±A, J∓B} = 0 . (3.13)
Note that the algebra of the constraints closes on the fermionic T-dual background fields
(2.13)-(2.15) (except ⋆Bµν).
Because the action is linear in time derivative in both cases, the canonical Hamiltonian
density is zero, Hc = 0, and the total Hamiltonian takes the form
HT± =
∫
dσHT± =
∫
dσλA±J±A , (3.14)
where λA are Lagrange multipliers. With the help of (3.13) it is easy to check that
J˙±A = {J±A,HT±} = ∓2κ
⋆GABλ
′B
± . (3.15)
Consequently, there are no more constraints and for s det ⋆GAB ∼
det ⋆G
det ⋆F 2
6= 0, all con-
straints, except the zero modes, are of the second class.
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3.2 Canonical structure with time like evolution parameter – From Kac-
Moody to Virasoro algebra
Following reasons of Ref.[16] we are going to formulate canonical structure with time-like
evolution parameter τ = ξ0 using the structure with light-like ones τ = σ+ and τ = σ−. We
construct energy-momentum tensor components in Sugawara form as bilinear combination
of the currents J±A
T± = ∓
1
4κ
J±A(
⋆G−1)ABJ±B , (3.16)
where
(⋆G−1)AB =


Gµν −Ψµγ −Ψ¯µδ
Ψαν −ΨαρΨ
ργ −12(F
αδ + 2Ψαρ Ψ¯
ρδ)
Ψ¯βν 12
(
(F T )βγ − 2Ψ¯βρΨργ
)
−Ψ¯βρ Ψ¯ρδ

 , (3.17)
is inverse of supermatrix ⋆GAB . Note that the currents J±A, which was canonical con-
straints for lightlike evolution parameter, are not canonical constraints for timelike evolu-
tion parameter. Here, the canonical constraints are only energy-momentum tensor com-
ponents. They satisfy two independent Virasoro algebras
{T±(σ), T±(σ¯)} = − [T±(σ) + T±(σ¯)] δ
′ , {T±(σ), T∓(σ¯)} = 0 , (3.18)
which are equivalent to the algebra of world-sheet diffeomorphisms. The Hamiltonian for
τ = ξ0 is given by
Hc =
∫
dσHc , Hc = T− − T+ . (3.19)
By straightforward calculation we can prove
{Hc, J±A} = ∓J
′
±A . (3.20)
Using (3.17) we can obtain the expressions of energy-momentum tensors in terms of
the components
T± = ∓
1
4κ
GµνJ±µJ±ν ∓
1
2κ
J±αΨ
αµJ±µ ∓
1
2κ
J¯±αΨ¯
αµJ±µ (3.21)
±
1
4κ
J±αΨ
αΨβJ±β ±
1
4κ
J±α
(
Fαβ + 2ΨαΨ¯β
)
J¯±β ±
1
4κ
J¯±αΨ¯
αΨ¯βJ¯±β .
We can check that our construction is equivalent to that of Refs.[15, 11] obtained by
prime calculation. Here we used the relation between currents J±A and the current I±µ
introduced in Refs.[15, 11]
I±µ = J±µ + J±αΨ
α
µ − Ψ¯
α
µJ¯±α . (3.22)
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The currents ⋆JA± , where index is raised by (
⋆G−1)AB , are of the form
⋆JA± ≡ (
⋆G−1)ABJ±B =


⋆Jµ±
⋆Jα±
⋆J¯β±

 =


Jµ± −Ψ
µαJ±α − Ψ¯
µαJ¯±α
ΨανJ±ν −Ψ
α
µΨ
βµJ±β −
1
2(F
αβ + 2ΨαµΨ¯
βµ)J¯±β
Ψ¯βνJ±ν +
1
2(F
γβ − 2Ψ¯βµΨγµ)J±γ − Ψ¯
βµΨ¯γµJ¯±γ

 .
(3.23)
Let us note that ⋆Jµ± = G
µνI±ν .
4 Boundary conditions as a canonical constraints
In this section we will look for such solution of the boundary conditions that corresponding
noncommutativity parameters are just the background fields of the fermionic T-dual theory
(2.13)-(2.15).
4.1 Choice of the boundary conditions and canonical consistency pro-
cedure
Varying the Hamiltonian (3.19) we obtain
δHc = δH
(R)
c −
[
γ˜(0)µ δx
µ +
1
4κ
J+αF
αβδηβ +
1
4κ
δη¯αF
αβ J¯−α
]
|π0 , (4.1)
where δH
(R)
c is regular term, without derivatives of coordinates and momenta variations,
and
γ˜(0)µ = Π+µν
⋆Jν− +Π−µν
⋆Jν+ . (4.2)
Because the Hamiltonian is time translation generator it must have well defined func-
tional derivatives with respect to the coordinates and momenta. Consequently, we get the
boundary condition
[
γ˜(0)µ δx
µ +
1
4κ
J+αF
αβδηβ +
1
4κ
δη¯αF
αβJ¯−α
]
|π0 = 0 . (4.3)
We will choose Dirichlet boundary conditions (fixed string endpoints)
xµ|π0 = const. , ηα|
π
0 = const. , η¯α|
π
0 = const. , (4.4)
which solve boundary condition (4.3). They can be expressed in more suitable form in
terms of the currents
γ(0)µ |
π
0 = 0 , γ
(0)
µ ≡ J+µ + J−µ ,
γ(0)α |
π
0 = 0 , γ
(0)
α ≡ J+α + J−α , (4.5)
γ¯(0)α |
π
0 = 0 , γ¯
(0)
α ≡ J¯+α + J¯−α .
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In fact, on the equations of motion for momenta piµ, piα and p¯iα we have
J±µ = κGµν∂±x
ν +
1
2
Ψ¯αµ∂±ηα +
1
2
∂±η¯αΨ
α
µ , J±α = −
1
2
∂±η¯α , J¯±α =
1
2
∂±ηα , (4.6)
which means that string endpoints velocities are zero
2κGµν x˙
ν = γ(0)µ + γ
(0)
α Ψ
α
µ − Ψ¯
α
µγ¯
(0)
α , − ˙¯ηα = γ
(0)
α , η˙α = γ¯
(0)
α . (4.7)
Following method developed in Refs.[5, 6] we will consider the expressions γ
(0)
A =
(γ
(0)
µ , γ
(0)
α , γ¯
(0)
α ) as the canonical constraints. Applying Dirac consistency procedure we
obtain infinite set of the constraints
γ
(n)
A |
π
0 = 0 , γ
(n)
A ≡
{
Hc, γ
(n−1)
A
}
, (n = 1, 2, 3, . . .) (4.8)
where
γ(n)µ = (−1)
n∂nσJ+µ + ∂
n
σJ−µ ,
γ(n)α = (−1)
n∂nσJ+α + ∂
n
σJ−α , (n = 1, 2, 3, . . .) (4.9)
γ¯(n)α = (−1)
n∂nσ J¯+α + ∂
n
σ J¯−α .
With the help of the relation (3.20), using Taylor expansion
ΓA(σ) =
∞∑
n=0
σn
n!
γ
(n)
A |0 ,
[
ΓA = (Γµ,Γα, Γ¯α)
]
(4.10)
we rewrite these infinite sets of consistency conditions at σ = 0 in compact, σ dependent
form
Γµ(σ) = J+µ(−σ) + J−µ(σ) , (4.11)
Γα(σ) = J+α(−σ) + J−α(σ) , (4.12)
Γ¯α(σ) = J¯+α(−σ) + J¯α(σ) . (4.13)
In the similar way we can write the consistency conditions at σ = pi. If we impose 2pi
periodicity of the canonical variables, the solution of the constraints at σ = 0 also solve
the constraints at σ = pi.
Because of the relation
{Hc,ΓA} = Γ
′
A ≈ 0 , (4.14)
there are no other constraints in the theory and the consistency procedure is completed.
Using the algebra of the currents (3.13) we obtain the algebra of the constraints
{ΓA(σ),ΓB(σ¯)} = −4κ
⋆GABδ
′ , (4.15)
and conclude that they are of the second class because the metric ⋆GAB defined in (3.8)
is nonsingular for det ⋆Gµν 6= 0 and det
⋆Fαβ 6= 0.
In bosonic case the algebra of the constraints closes on bosonic T-dual fields. In the
particular case the algebra of the constraints (4.15) closes on fermionic T-dual background
fields (3.8).
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4.2 Solution of the boundary conditions ΓA
Let us first introduce new variables symmetric and antisymmetric under world-sheet parity
transformation Ω : σ → −σ. For bosonic variables and fermionic momenta we use standard
notation [6]
qµ(σ) = Psx
µ(σ) , q˜µ(σ) = Pax
µ(σ) , (4.16)
pµ(σ) = Pspiµ(σ) , p˜µ(σ) = Papiµ(σ) (4.17)
p˜α(σ) = Papiα(σ) , ˜¯pα(σ) = Pap¯iα(σ) , (4.18)
while for fermionic coordinates we use subscript a
θαa (σ) = Paθ
α(σ) , θ¯αa (σ) = Paθ¯
α(σ) , (4.19)
where the projectors on Ω even and odd parts are
Ps =
1
2
(1 + Ω) , Pa =
1
2
(1− Ω) . (4.20)
Now we are ready to solve the constraint equations
Γµ(σ) = 0 , Γα(σ) = 0 , Γ¯α(σ) = 0 . (4.21)
We obtain initial variables in terms of the effective ones
xµ(σ) = q˜µ(σ) , piµ = p˜µ − 2κ
⋆Bµν q˜
′ν +
κ
2
(
⋆Ψ¯αµθ
′α
a + θ¯
′α
a
⋆Ψαµ
)
, (4.22)
θα(σ) = θαa (σ) , piα = p˜α −
κ
8
θ¯′βa
⋆Fβα +
κ
2
⋆Ψ¯αµq˜
′µ , (4.23)
θ¯α(σ) = θ¯αa (σ) , p¯iα = ˜¯pα −
κ
8
⋆Fαβθ
′β
a −
κ
2
⋆Ψαµq˜
′µ , (4.24)
where the fermionic dual background fields (with stars) are defined in (2.13)-(2.15). We
can reexpress these solutions in terms of the initial background fields too
xµ(σ) = q˜µ(σ) , piµ = p˜µ − 2κBµν q˜
′ν −
1
2
Ψ¯αµ(η
′
a)α +
1
2
(η¯′a)αΨ
α
µ ,
θα(σ) = θαa (σ) , piα = p˜α −
1
2
(η¯′a)α , (4.25)
θ¯α(σ) = θ¯αa (σ) , p¯iα = ˜¯pα −
1
2
(η′a)α ,
where
(ηa)α ≡ 4κ(F
−1)αβ(θ
β
a +Ψ
β
µq˜
µ) , (η¯a)α ≡ 4κ(θ¯
β
a + Ψ¯
β
µq˜
µ)(F−1)βα , (4.26)
are Ω odd projections of the variables (2.3). Note that, as a difference of all previous
cases, our basic effective variables q˜µ, p˜µ, θ
α
a , p˜α, θ¯
α
a and ˜¯pα are Ω odd and the solution
for momenta is nontrivial.
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From basic Poisson bracket
{xµ(σ), piν(σ¯)} = δ
µ
νδ(σ − σ¯) , (4.27)
we obtain the corresponding one in Ω odd subspace
{q˜µ(σ) , p˜ν(σ¯)} = 2δ
µ
νδa(σ , σ¯) , (4.28)
where
δa(σ, σ¯) =
1
2
[δ(σ − σ¯)− δ(σ + σ¯)] , (4.29)
is antisymmetric delta function. The factor 2 in front of antisymmetric delta function
comes from the fact that Ω-odd functions on the interval [−pi, pi], q˜µ and p˜ν , are restricted
on the interval [0, pi] (see [17]).
Similarly, using basic Poisson algebra of fermionic variables
{θα(σ), piβ(σ¯)} = {θ¯
α(σ), p¯iβ(σ¯)} = −δ
α
βδ(σ − σ¯) , (4.30)
we have
{θαa (σ) , p˜β(σ¯)} = −2δ
α
βδa(σ , σ¯) ,
{
θ¯αa (σ) , ˜¯pβ(σ¯)
}
= −2δαβδa(σ , σ¯) . (4.31)
The momenta p˜µ, p˜α and ˜¯pα are canonically conjugated to the coordinates q˜
µ, θαa and θ¯
α
a ,
respectively, in Ω odd subspace.
5 Momenta noncommutativity relations
When the Neumann boundary conditions have been used [10, 11], the solution for the
super momenta was trivial while the solution for the super coordinates depended not only
on the effective coordinates but also on the effective momenta. This was a source of the
coordinate noncommutativity which corresponded to the bosonic T-duality. In the present
case, with Dirichlet boundary conditions, the solution for the super coordinates is trivial
while the solution for the super momenta depends not only on the effective momenta but
also on the effective coordinates. This is a source of momenta noncommutativity which
will correspond to the fermionic T-duality.
Instead to calculate Dirac brackets in the initial phase space associated with constraints
ΓA, we will calculate the equivalent brackets in the reduced phase space. We will put the
subscript D to distinguish them from Poisson ones of initial phase space. With the help
of the solution (4.22)-(4.24) we find that all supercoordinates are commutative, while the
D brackets of momenta have a form
{piµ(σ), piν(σ¯)}D = 4κ
⋆Bµν∂σδ(σ + σ¯) , (5.1)
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{piµ(σ), piα(σ¯)}D = κ
⋆Ψ¯µα∂σδ(σ + σ¯) , (5.2)
{piµ(σ), p¯iα(σ¯)}D = −κ
⋆Ψαµ∂σδ(σ + σ¯) , (5.3)
{piα(σ), p¯iβ(σ¯)}D = −
κ
4
⋆Fβα∂σδ(σ + σ¯) , (5.4)
{piα(σ), piβ(σ¯)}D = {p¯iα(σ), piβ(σ¯)}D = 0 . (5.5)
If we define the variables
Πµ(σ) =
∫ σ
0
dσ1piµ(σ1) , Πα =
∫ σ
0
dσ1piα(σ1) , Π¯α =
∫ σ
0
dσ1p¯iα(σ1) , (5.6)
the noncommutativity relations turn to the standard form
{Πµ(σ),Πν(σ¯)}D = 4 κ
⋆Bµνθ(σ + σ¯) , (5.7)
{Πµ(σ),Πα(σ¯)}D = κ
⋆Ψ¯µαθ(σ + σ¯) , (5.8){
Πµ(σ), Π¯α(σ¯)
}
D
= −κ ⋆Ψαµθ(σ + σ¯) , (5.9){
Πα(σ), Π¯β(σ¯)
}
D
= −
κ
4
⋆Fβαθ(σ + σ¯) , (5.10)
{Πα(σ),Πβ(σ¯)}D =
{
Π¯α(σ), Π¯β(σ¯)
}
D
= 0 , (5.11)
where
θ(x) =


0 if x = 0
1/2 if 0 < x < 2pi .
1 if x = 2pi
(5.12)
Separating the mean value of momenta
ΠA(σ) = Π
mv
A + PA(σ) , Π
mv
A =
1
pi
∫ π
0
dσΠA(σ) ,
we obtain that only integrals of the momenta at the string endpoints are noncommutative
{Pµ(σ),Pν(σ¯)}D = Θµν∆(σ + σ¯) , (5.13)
{Pµ(σ),Pα(σ¯)}D = Θ¯µα∆(σ + σ¯) , (5.14){
Pµ(σ), P¯α(σ¯)
}
D
= Θαµ∆(σ + σ¯) , (5.15){
Pα(σ), P¯β(σ¯)
}
D
= Θαβ∆(σ + σ¯) , (5.16)
{Pα(σ),Pβ(σ¯)}D =
{
P¯α(σ), P¯β(σ¯)
}
D
= 0 , (5.17)
where the noncommutativity parameters are defined as
Θµν = 2κ
⋆Bµν , Θ¯µα =
κ
2
⋆Ψ¯µα , Θαµ = −
κ
2
⋆Ψαµ , Θαβ = −
κ
8
⋆Fβα , (5.18)
and
∆(x) = 2θ(x)− 1 =


−1 if x = 0
0 if 0 < x < 2pi .
1 if x = 2pi
(5.19)
Therefore, all background fields of the fermionic T-dual theory (2.13)-(2.15), except ⋆Gµν ,
appear as noncommutativity parameters for the solution of boundary conditions (4.4).
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6 Concluding remarks
In the present article we considered the relationship between fermionic T-duality and
noncommutativity in type IIB superstring theory. We used the pure spinor formulation
of the theory keeping all terms up to the quadratic ones and neglecting ghost terms. Our
goal was to find such solution of the boundary conditions which will produce fermionic
T-dual fields as noncommutativity parameters.
First, we performed fermionic T-duality in the way described in Refs.[8]. Comparing
initial and dualized theory, we found the expressions for fermionic T-dual background
fields.
Varying the canonical Hamiltonian and demanding that it has well defined functional
derivatives with respect to the coordinates and momenta, we obtain the boundary condi-
tion (4.3). In order to satisfy them, for all supercoordinates we chose Dirichlet boundary
conditions. Treating these conditions as canonical constraints and reexpressing them in
terms of useful introduced currents we were able to examine consistency of the constraints.
For nonsingular dual metric ⋆Gµν and nonsingular dual R-R field strength
⋆Fαβ all con-
straints are of the second class.
Instead to use Dirac brackets we solved the second class constraints. We took Ω odd
parts of canonical variables as independent effective variables, and expressed the Ω even
ones in terms of them. We found that the solution of supercoordinates was trivial, because
they depended only on its Ω odd projections. The solutions for supermomenta depend
both on effective supercoordinates and effective supermomenta. So, as a difference of the
previous investigations [5, 10, 11, 6, 14, 15], here supercoordinates are commutative while
integrals of supermomenta are noncommutative. Similar as in previous investigations,
noncommutativity appears only at the string endpoints, and not in the string interior.
Noncommutativity parameters at σ = 0 and σ = pi have opposite signs.
Let us comment relation between fermionic T-dual background fields defined in (2.13)-
(2.15) with noncommutative parameters corresponding to the Dirichlet boundary condi-
tions (4.4). All noncommutativity parameters, up to the some constant multipliers, are
equal to the fermionic T-dual fields. Because noncommutativity relations close on ∆(σ+σ¯)
which is symmetric under σ ↔ σ¯, the noncommutativity parameter symmetric in space-
time indices is absent. Therefore, only T-dual metric tensor ⋆Gµν does not appear as
noncommutativity parameter. As well as in the previous cases, dual fields appear in the
algebra of constraints (4.15). Because here the algebra closes on ∂σδ(σ − σ¯) which is
antisymmetric under σ ↔ σ¯, the background field antisymmetric in space-time indices is
absent. So, the D-brackets of σ-dependent constraints ΓA close on all T-dual background
fields except ⋆Bµν .
There is analogy of the obtained result with that of Ref.[11]. We present that in the
following table.
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Bosonic T-duality Fermionic T-duality
Neumann boundary conditions Dirichlet boundary conditions
for bosonic coordinates for all coordinates
Ω even effective supercoordinates Ω odd effective supercoordinates
Supercoordinates noncommutativity Supermomenta noncommutativity
Table 1: Analogy between bosonic T-duality and coordinates noncommutativity with
fermionic T-duality and momenta noncommutativity
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